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ByS.B.3atdorf,ManuelStein,andMurq Schildorout

SUMMARY

A solutionbaseduponsmall-cleflegtionthgoqispresented
. forthecriticalshearstremofcurvedrectangularpanelswith

simplysupportededges~Ccmput8dcurveswhichcovera widerange
ofpaneld@eneionsarepresented;thesecurvesarefound,tobe
in goodagreementwithtestresults.Estimatedcurvesarealso
givenforpmelswithclampededges. -.

INTRODUCTION

A seriesofpapershasbeenpreparedtoprovideinformation
onthebucklingofmrvedsheet.Theyoblemtreatedinthe
preeentpaper,whichisa partofthatseries,isthedetermination
ofthecriticalshearstressofa cylindricallycurvedrectangular
panel.Forpanelshavingsimplysupportededgesthisproblemis
solvedtheoretically(seeappendix}}andcmnpwtedcurvesareprovided
forfindingthecriticalshearstress.Estimatedresultsarealso
givenforcurvedrectangularp6melshavingclampededges.

,,

EXiStiANDDISCUSSION ‘,

ThecriticalshearstressTcr forcyIindricawcuryedweJ+
isgivenbytheequation : /~

. ..,
,- T ks~ .

., cr= b%
.-

where
,,

ks critical-she~tresscoefficient,establishedbygeometry”of
panelandtypeofedgesupport
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D flexumlstiffnessofpanelperunitlength

E Young?smodulusofelaeticlty

P PoissonrsrRtio

b axialorcircumferentialdimensionofpanel,whioheveris
smaller(exoeptwherenoted)

t thicknessofpanel. .

Twochartsarepresented,oneforpanelshavingcurvedsides
longerthanthestza~glrb.kidesendtheotherfor
straightsideslongertkanthecurvedsides.In
chartstheoritioal-sheam+tresscoefficientk6
agzinsta ourvatureparameterZ definedbythe

or

....
where ,,

r mdiusofourvatureofpanel

pauelshaving
eaohofthese
isplotted
equation
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12(1-pa)

,Panelstithslmp3ysuyportedei&m___Thecritioal-shea-ress
coefficientsks forourvedpm= withsimplysupportededges-are
givenin~igures1 and2. Infigure1,thecritioal-shea=tress
ooefflcientsaregivenforpanelslongintheotroumferential
direction;b ismeastiredaxiallywiththereeultthatthevalues
of ks and Z aredefinedinthemannerappropriatetoa cylinder.
Infigure2,thecritioabshea=tressooeffiolentsaregivenfor
panelslongintheaxialdireotion;b ismeasured.oimmuferentially
sothatthevalue&of k end Z aredefinedinthemannerappro@-
atetoaninfinitelylongourvedstrip.Thesolidcurvesineaoh
figureareocraputed,andthedashedcurveinfigure2 isestimated
bya methoddesoribedinthesectionentitled“EstimationofCritical
Stress.”

.
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Withregatitodisplacementsinthemedian
buckling,theboundarycon~tioneforwhiohthe

aurfaoeduring
curvesoffigures1

and2 applyarezerodisplacementalongeachedgeandunrestrained
motionnomaltoeachedge.Theavailableevidente indicatesthat
ifbothnoxmalandtangentialmotionwereocmrpletelyrestrained,
thecurvesoffigure1wouldberaisedon3yslightly,butthecurves
offigure2mightberaisedconsiderablyatintermediatevaluesof Z
forlargevaluesofpanel lengtl+width.mtio a/b. (Seesectionon
criticalshearstressofourvedpanelinreference1.)

Infigure1 allthebuoklingcurvesforpanelsoff~ed lengt&
widthratioapproaohthecurvesfora completecylinderathigh
valuesof Z. Thesametrendexistswhentheaxiallengthisgreater
thantheoiroumferentiallength,asthecurvesoffigure2 suggest
byapproachingtheslope0.75appropriatetooylindercurvesathigh
valuesof Z. Thisresultcanbe.e.rplainedbythefactthat
geometricallya ourvedpanelofanygivenl.engtkwidthratioap~roaches
a cylinderasthecurvatureincreases.Panelshavinga largeratio
ofcircumferentiallengthtoaxiallengthapproacha oylinderat
lowervaluesof Z (definedasinfig.1)thanpenelehavinga small
ratioofcircumferentiallength,toaxiallength.

Estimationoforiticalstress.-A comparisonofthecomputed
resultsfortheariticalstressooeffioientsofsimplysupported.
curvedpanels(figs.1 and2)withresultsforcertainknownlimiting
casesinitloatesthepossibilityofmakingreasonableestimatesfor
panelsofotherlength+idtihratiosandedge-supportconditions.The
knownlimitingcasesusedinthiscomparisonarethecriticalstress
coefficientsfortheflatpanel(Z. O),thecoupletecylinder,and
theinfinitelylongcurvedstrip.(Seefig.3,) Figureh showsthe
comparisonforpanelslonginthecircumferentialdirection.Inorder
topemitthecomparison,thecurveforthestripwasplottedZyusing
thesaneparametersaswereusedintheothercurves;tht is, ks ~
Z weredefinedintemnsoftheaxialratherthanthecircumferential
dimensionofthepanel(dimensionbl infig.3). Figure5 shows
thecomparisonforpanelslongintheaxialdireotion.Thecylinder
ourve is replottedinteme ofdimensionb2 infigure3 sothat
theseineparem.etersareusedaswereusedfortheothercurves.

Ineachoffigures4 and5 thefirstthreepanelbucklingcurves
werecomputedendthefourthcurvewasest-ted. Theseesttitk~– ‘“ ‘-
curveswereobtainedbyusingtheknownlimitingresultsasguides
andbyextrapolatingthetrendsobservedinthecasesfromwhich
computedresultswereavdlable.

.—

Penelswitholampededges.-Figures6amd 7 sziveestimated
theoreticalcritioal-shear-stressc&fficierit’sfo~h-tied-ptie”is‘-

.-
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withclampededges.Theestimatesweremadeintheaforementioned
mannerbymakinguseoftheknownshea=tressooeffi.cientsfor
cylindersandforlongcurvedstripswitholxmpde~es (references2
and3Jrespectively)andavailableresultsforflatpanels(refez=
enoes1}and5)andbyextrapolatingfrcmtheknownresultsforsimply
su~portedpariels.Withrespeottoedgedisplacementsinthemedian
surfaceduringbuckling,theboundaryoonditioneforwhlohthecurves ‘
of figures5 and6 applyarezerodispkwementnormaltoeachedges
sndunrestrainedmotionalongeachedge. Theavailableevidenoe
indioatesthatc~lete restzaintofbothnormal.andtangential
motionwouldaffeottheourvesoffigures7 and6 onlyslightly.
(Seediscussi.onofboundaryoonditioneinreferenoe1.]

ExperimentalVerification

A studyofreferences6 ta10,whichoontaintestdataonthe
critioalshearstressforourvedsheet,revealedthatinthevarious
investigationsdifferenttypesoftestspecimens(fig.8) andalso
differentmethodsofdefiningtheexperimentaloriticalstresswere
used.Becauseofthedifferenttypesoftestspecimensanddifferent
methodsused,a widerangeofvaluesforthecriticalstressesmust
beexpected.Inofd.ertomaketheccmpatisonbetweentheoryand
experiment,therefore,thetes$dataweredividedintotwogroups
accordingtowhetherthebucklingloadwouldbeaypreoiablyaffeoted
byinitialeccentricities(fig.9). Thetheoretioalourvesused
werethoseforsimplysupportedcurvedpanda.

E~erimentalbucklingstresseson3y.— slight%affected=tnitial——. .. —
ecoeniricitie~.-Withbutthreeexceptions,theexperimentalcritioal
stressesofRafel{referenoe6)andofRai%landSandlin(reference7)
correspondtosnap’buckling(fig.g(a)).Witharqrappreciableinitial
eooentrioiti.es,deflectionstendtoincreasegraduellywithloadand
nosnapbuckleocours;thisfactindicat6s–thattheinitialeccen-
tricitiesInthetestspecimensare-11. ThethreeSpeoimm in

whichsnapbucklingdidnotcmur fellinthe-e of 6<z<12,
andthebucklingstresswastakentocorrespondtotheloadatwhich
thecompressivediagonalstressononesideofthesheetceasedto
inoreaaewithincreasingLoad.Theoriti.aalloadsfortheMooreand. Wesooatdatawereobtainedfrcmtheloadsoorrewpondingtothetop
ofthekneeofthetorque-twl-stourves(reference8), Thotorqw-
twistourvesrepresentavera~esofthebehaviorofallthepane3.sin .
thecylindersofreferenoe8 andarethu~relative~insensitiveto .
localimperfections.Figureg(a)indicatmsthatbuokli~stresses
definedinsucha wayastoheratherinsensitivetolocal~mpel=
feotioneareingoodagreementwith,butslightlylowerthan,the
theoreticalcriticaletressesforcurvedpanelswithHimplysupported

*

edges,
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E~erj.mentalbuckling-etressesconsidersaffectedby initial
‘—-:-~—ti~-tistsbyChiarito(reference9)thecriticaleccentricities.

‘s~&ed asthestressatw%ichwrinklingfirstbecomesvisu-
allyperceptibleinanypanelofamultipanelspecimen.Exceptfor
onesnapbuckle,thecriticalstreseesinthetestsbyKuhnandLevin
(reference10)weredefinedbythepointoffirstdeparturefroma
straightlineofthecmve obtained.byplottingtiereadingsofa
dia.gonall.ymounted‘l?uckermanopticalstraingageagainsttheapplied
10.5a.Inbothofthesemetho&sinitialeccentricitiesofthetest
specimenscanbeexpectedtoresultinrelativelylowexperimental
criticalstresses.

A comparisonbetweenthetheoreticalcritical.stressesforcurved
panelsandtheexperimentalcriticalstressesofChiaritoendof
KuhnandLevinismadeintigure9@). J@qightbe expectedbecause
ofsensitivitytolocalhupxrfections,theexperimentaldataare,
ingeneral,considerablybelowthetheoreticalcurves.Thedata
ofKulnandLevinfor := 3 atlage ‘sues‘f “ however,are
appreciablyabovethetheoreticalcurves.Onepossiblee@anation
forthisrathersurprisingbehavioristhatallspecimensfor ~ = 3
hadtwointermediatebullheadswhichwerenotattachedtothe& eet
butmayhaveprovidedadditionalrestraintagainstbucldingathigh
curvaturesbypreventinginwmddisplacement

.

CONCLUDINGREMAFUG

ofthesheetonbuckling.

The
basedon
-~
critical
tolocal
critical

criticalshearstressesgivenbya theoreticalsolution
small-deflectiontheoryforsimpQsu~ortedcurvedrec-
panelswerefoundtobeingoodagreementwithexperimental
stiessesdefinedinsucha TF7ayastoberatherinsensitive
imperfections.A methodissuggestedforestimatingthe
shearstressesforcurvedpanelshavinglength-wiritiratios

andty~esofedgesupportdifferent-fromthoseforwhichcomputed
resultsareavailable,

LangleyMemorialAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

LangleyField,Vs.,MarchXL,1947
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JU2PENDIX

TEEORZTICALSOIDTXON

a

b

m,n$p,q

r

t

u

T

w

x

“Y

D

E

F

symbols

=ial or oiroumferential
whioheverislarger

extalorcimu.mferential
whiohevevipsmaller

iritegere

dimensionofEsnel,

U.rm2sion ofpanel,

radiusofcurvatureofpanel

thicknessofpallsl

displaaementofpointsonmetiansurfaceofpanel
inexial(x-)direction

dieplacement“ofpointsonmediansurfaceofp~el
IIIoiroumferential(y-)direotlon

displacementofpointsonmediemsurfaoeinradial
direction;positiveoutwafi

axialcoordinateofpanel

circumferentialcoordinateofpanel

flexuralstiffnessofpanelperunit

()~t3
length --—

12(1- W*)

Young’smodulusofelasticity
,,.

Airy’setressfuncticnfarmedian-mq?:acestresces

producedby%ucklecteformation(>
“a

a’% XT’ ‘w
stress;—, ccmlpressivestressiny-direction;&2
J??
$> )compressivestressinx-tirec~ion
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h
ks

curvatureparmeter
($”7)

coefficientsoftermsindeflectionfunctions

criticalsheer-stresscoefficientappe~ingin
k#2D

formulaTcr = —“

b2t

YP’a=-[(P2+Q*W+ ~P4p4z2

s lfJ’yp2+ q%=’)*1
~2

[
(pzpai q~)p-!- 12@p4z2 -

%2 = 32~3k~, ?&=’p*+ q2)2

v Poisson’sratio

T.- criticelshearstress

V-4E lnversoof$ definedby

Method

V-WV4W)=W

ofSolution

Equationofeciuilibrium.-Thecriticelshearstresswhichcauses
a curvedrectangularpaneltobuckleIUWbeobtainedbysolvingthe
followingequationofequilibrium(reference1).

(1)
.

wherex and
coordinates.

y are,respectively,thesxi.al-&d circumferential.
Divisionofequation(1)by D gives

(2)

“d_..



8 NACATNNO. 1348

Theequatfonofequilibriummeybercq$?osontedby,

whereQ isthe

Q

Qw=o

qoratordofinedby

+

(3)

Solu&onfor-S hav
+’1””’”

eaterthancizzcumfer-
eqti~—ie@h. -Equation3 msytosolvedbythoGalerkinmethodas
outlinedinreferences1 andU. Assuggestedinreference1 for
simplysupportedcurvedrectamgul.arpanels,thefollowingseries
expamionisusedfor w:

.—

(5)

Thecoordinatesysterausodisshowninfigure10(a).Thecoefficients
~ arethenchosontosatis~theequat~cns

a nb

J/
si.n~8inyQwdxdY= o

0.0

.

whore

p3=l,2,@* .andq=l,2, . . .

WhcIntheoperationsindicatedinequation(6)exeporfcmmed,a set
ofhanogeneouslinearalgebraicequationsintheunknowncoefficients
~ isobttinedwfthk, appem-ingasaFarameter.Thesolution
forthecritical-shear-stressooofficientks isthenfoundasthe
~minilmmvalueof ks forwhichtheeJgobraicequationshavea
nonvanishingsolutionforthewiknowns%’

Thetoundsryconditionsateachedgethataretmpliedbythis . .
methodofsolutionaroZeroradieldeflectionandedgomcxnont,no .,

displacementelongthoedge,andfree&lsplaccmentnormaltotho
edge(seoreferenco3.2];thatis, .



.

.

.

w(w) =W(%Y)=o W(x, o) = W(x,b) = o 1
V(o,y) = v(a,y) = O t(x,o) = U(x,%)= o }()‘7

I

Substitutionoftheml.ussof Q and w givenbyequations(4)
and(>),rcspecttvely,intoequation(6)leadstothefciU.owingset
ofslgobraicequations:

wherep = 1,2,. . .; q=l,2, ...; andthesummationincludes
onlythosevaluesof m and n forwhichmtp and n*q are
odd.Theconditionfora nonvanishingsol@ionoftheseequations
isthevanishingofthedeterminantofthecoefficientsofthe
unknowns~. Thisinfinitedeterminantcanbefaotoredintothe
productoftwoinfinite,su%dcterminan:s$oneinwhichp t q is
even,andoneinwhichp ~ q isodd.Thevanishingofthese
subdetorminantsleadstothefolluwingdsterminantalequations.
Theequationinwhichp ~ q isevenis

,

.
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pa,q=:

@i?, @

I?=3)‘1=:

p=l, q=:

@, !l=~

F3? ‘1=:

p=l, q=;

-p=2,q=(
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andtheequationinwhichp ~ q isoddis

%2 “21

IQ=l,C&?%2 -$

&p=3,q=2 o 5
~=z,q=6 o 4

‘z
gQo9=2,%=5 63

&y=~,q=k o 25

p=l, q=8 o 16
189

2803?=2,q=7 ~33

* i ● .

● ● .

● . ●

where.

-/. .
o -$

4--
9

.0

j’zJ
33

0

.

.

,

I-
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0

0
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Thesedetermentsgivethelmckl.
7

loadsofcurvedpanelswith
V#tOuSlength-widthrKL:iOf3(~> I forbucklepatternsrespectively .
~ymet.ricalPadantisyrmetiicalaboutthecenterofthepanel,

Byuseofa finited.etermfnanttnclutingtherowsandcolumns
correspondingtothemostM ortanttermsintheexpansionfor w

f(equation(5)),e uations($Jand(10)weresolvedbyamatrix
titerationmethodreference13) f& thelowestvalueof ks which

satisfiedthoseequations.Thelowerofthetwovaluesof’ks
foundbysalvingequations(9) and(10)isthecritical-show-stress
coefficientfortheparticularvaluesof ~ and Z underconsider-
ation.Thecurveofcriticel-shmr-stresscoefficientagainstZ
fora givenvelueof (1cam~~tedinthismannershawscusps;however,
asthepreciselocationofall.th~cuspsinvolvesa ~ohi’bitiveamount
oflaborwithoutmy significantincreaseinaccuracy,thecuspswere
falredoutinfigure2. Table1 presentstherelativemagnitudesof
thecoefficientsofthetermsusedinthesolutions,end.tablo2
givesthocomputedstresscoefficients.

SolutionforDanelshaviwcircumferential2eaRD =t eaterthaq
axiallenath.-Whenthecircumferenti4dimensionisgreaterthanthe
axial-dimension,a and b canbeinterchangedinequation(5}in
ordertoretainb astheshorte~dimension,asfollows:

w=cr~sin~sin~’ (1.1) “
m=ln.1

Thecoordinatesystmusedisshowninfigure10(b).Thisproblcm
issolved.ina mamnel* similar to thatusedinsolvingtheproblem
involvingaxialdimensiongreaterthencircumferentialdimension.
ThesetofalgebraicequationsfortheunknownFouriercooffici.entm
isnow

+

12pf$J4z21TCW+32+L12)2
-J (M)

—. =0
(m2- &)(n2- q2)

,wherem Z m and nZq mustbooddfor ~ tohavea value.The
conditionf‘wa nonvani~hinasolutionofthosoequationsisthe

.

vanishingofthedetermtnw~ofthecoofficiente‘ofthounknOWXIS~~
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Thisdeterminantcanbefactoredintotwoinfinitesubdeterminants
whichme identiceltothoceine~uations(9)and(10)exceptfor
thediagonalterms.M thiscase,eachdiagonaltermW. is
re@f3ced

The
foundin
end(10)

conditionsforthe
thesamemanneras
forbuckling.Ioads

rati6sforbucklepatternssymm~tricalorantisyrmnetricalaboutthe

J

vanishingofthesedeterminantswere
thattsedinsolvingequations(9)
ofpanelswithvsriouslength-width

centerofthepanel.Thelo&erofthetwoveluesof k
critical-sheer-stresscoefficientfortheparticularva!?ue~so~i3
and Z underconsideration.me relativemagnitudesofthecoef- __
ficientsofthetermsusedmd theccsuputedstresscoefficientsare
presentedintables1 and2,respectiv~ly~Figure1 showsthe
criticsl-shemr-streescoefficientsforsimp&’supportedcurved
panelshavingthecircumferentiallengthgreaterthentheaxial
length;thecurvesweiiefairedinamannersimila~tothatforthe
curvesoffigure2.
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TABLE2.-TmcmTIcAL

.

CRITICAL-SHW!R-STKESSCOEETICIEKCS

k~~
b z

Evendeterminer oddaetermY.Mnt
1 9*35 ... ..-

: 9*44 11.59
10 U.@ 12.7’7
30 ;:* g 17.59

100 33”55
1000 157:k 164.5

1.5 0 7.07 7997
7.12 8.03

1; 8.55 9*75
30 14*30 15.38

100 30.54 . 27.15
1000 136.6 3.29*7

2 1 6.65
10 % 8.43

I-2.48 14.29
2% 26.96 26.u

1000 U7*3 u8.9

l-+aT
a

A- . .

I k~
a
r z Evendetemiuiat I odddeterment

1.5 1 7*37
10 10.38 ;:g

15.23 15.51
1% 32.24 30.73
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Figure1.- Critical-shear-stresscoefficientsforsimplysupported
curvedpanels‘havingcircumferenhllengthgreaterthanaxial
length.
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greaterthanaxiallength.
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